INTRODUCTION
P REVIOUS papers1 in this series have dealt with (a) the evaluation of radial wavefunctions, phase shifts, reduced phases, and differential elastic cross sections for scattering by a L-J (12, 6) potential; (b) the resulting velocity dependence of the differential and total scattering cross sections, with attention given to the Jeffreys-Born OB) approximation for the higher-order phases; (c) the applicability of the semiclassical equivalence principle to the calculation of the phase shifts from the classical deflection function; and (d) an analysis of the undulatory velocity dependence of the total cross section in terms of bound states. The present paper presents an explicit treatment of the velocity dependence of the JB phases and the total elastic scattering cross sections in the highvelocity region (e.g., in the e V -energy range) for molecules interacting according to the L-J (n, 6) and exp-6(a) potentials. A criterion is given for estimating * Financial support by the U. S. Atomic Energy Commission, Division of Research, is gratefully acknowledged. 1 R. B. Bernstein, (a) J. Chern. Phys. 33, 795 (1960); (b) 34, 361 (1961); (c) 36, 1403 (1962); (d) 37, 1880 (1962) . Errata are as follows: (1a) Table III: 1' /1 (3) and 1 '/16(20) should both be positive. Fig. 13 : For the lowest curve, (3'=3.3. (lb) p. 365: BA 4 should be 2.00X 10 7 • (lc) Equation (5) was not in fact, obtained from Eq. (4), but rather was derived from the integral using an alternate boundary condition appropriate to this special case, i.e., "'0= -A. In example 3, for b*>2, the sign of,.,* should be positive. (ld) The symbol ,.,m=,.,max (i.e., the superscript m
iii not an exponent). the lower limit of velocity for which the treatment is valid.
METHOD
The procedure to be followed makes use of the random-phase approximation introduced by Massey and Mohr 2 (MM) for the low-order phases and the JB approximation 1b for the higher-order phases, evaluated for the potentials of interest. The present treatment also takes advantage of certain of the methods and results of Dalgarno et at. 3 and Mason and Vanderslice. 4 The potentials considered are (A) the Lennard-Jones (n, 6) and (B) the modified Buckingham exp-6(a) type, here expressed in the usual "reduced" forms 5 : AlSO, 411 (1958) . 4 E. A. Mason and J. T. Vanderslice, J. Chern. Phys. 29, 361 (1958) . These authors employ a reduced velocity parameter v* which is closely related to Dz: v* = 2 Dz-l. 5 In reference 1 attention was limited to the L-J (12,6) potential, and the notation involved 0' [the first zero of VCr) ] and x=r/O'; for the purpose of generalizing to other potentials, it is advantageous to change to the notation which makes use of rm and z=r/rm.
VA*(Z) = [n/(n-6)][(6/n)z-n_z-6J, (la)
Comparison of behavior of high-velocity phases: inverse sixth power attraction vs L-J (12, 6) potential with same attractive constant. Note the significantly smaller value of L for the latter potential (Le., Ll <~). For this example v has been assumed greater than Vmin (Eq. 17).
where V*= V /E, with E the depth of the potential well;
and z=r/rm, where rm is the value of r at the minimum in the potential; and the other symbols have their usual meaning. For the purposes of the present paper it is convenient to restrict both n and ex to be greater than 6.
The reduced cross section Q. * is defined in terms of Q, the total elastic cross section:
(2) with
where k=27r/X=J.lv/h and 1]1(k) is the phase shift for the lth order partial wave, defined in the standard 6 way. In the MM treatment 2 a purely attractive potential (inverse s power) was assumed, for which all phases are positive, decreasing monotonically with increasing I. However, for a realistic intermolecular potential both repulsive and attractive terms are involved. In fact (cf. reference 1), the short-range repulsion gives rise to substantial negative contributions to the lower order phases and thus to a broad maximum in 1]1. Figure 1 shows an example of phase shifts for a purely attractive (s=6) potential compared with those for a L-J (12, 6) potential. The symbol1)max(k) is used to designate the maximum phase at the given k. For the purpose of the present paper we assume that k is sufficiently large that (4) This inequality ensures the validity of the JB approximation for all the net positive phases. This condition incidentally sets a lower limit on the relative velocity for which the treatment is valid. This matter is further discussed below. The velocity region for which 1)max(k) > 1 (cf. reference ld) is to be analyzed in detail in a subsequent paper.
Following a procedure analogous to that of MM, we may define a characteristic value of I, say L(k), such that 1]L=-1 and 11)11::;! for 1~L. The sum in Eq. (3) is conveniently divided into two parts: (5) where the two terms denote the contribution from I::; L and from I> L, respectively.
To evaluate Q<* and Q> * we employ the Massey-
Mohr
2 random phase and JB approximations, respectively; in addition, we make use of the usual 2 smallphase approximation: sin 1]l rov 1)1 for 11]1 I ::; 1.
In the semiclassical notation,!c Eq. (5) then becomes
where 1]JB is the phase according to the JB approximation and .8 = CZ+1) / A. is the "reduced angular momentum function" or "reduced impact parameter," defined so as to be analogous to (but not identical with) .8' from reference la, b* of reference lc, and 
where Dz=Bz/ A z=2eTm /hv; B z=2/-LeTm 2 /h 2 (in obvious analogy with the symbols of reference 1). The function fen) is that of MM modified Bessel function of the second kind, while the Born phase may be written in terms of a Legendre polynomial of the second kind. In the limit of large 1 and high velocity (using the present nomenclature: for ai3> 5 and a/A z«l), the Jeffreys and Born expressions become identical; it is this limiting behavior for the repulsive JB phase which is used in the present application. (Mason and Vanderslice 4 have considered the influence of higher-order terms in the expansions needed for the Jeffreys phases; however, these were not found to alter the final results significantly.)
In the present notation we obtain for the exp-6(a) potential [Eq. (lb)]:
Appendix I describes an application to a classical scattering problem. Plotted are quantities proportional to 1/JB
and
for the special cases of n= 12 and a= 12, 14, and 16.
The difference is most pronounced at low 13. The JB phase associated with the exponential, a= 16, repulsion is more negative than the one for a= 12, as it must be. The latter is, in turn, less negative than the one calculated for the inverse power (n= 12) repulsion. This is expected since the exponential repulsion is "softer" for a given a=n. 
and (14b) where
• (the series is semiconvergent; the error is less than the term of smallest absolute magnitude 7 ) ,
7Equation (14a) follows exactly from Eqs. (lOa) and (6). However, in deriving Eq. (14b) from Eqs. (lOb) and (6), an approximation was introduced, since the integral yielding the term in e>(l-PL) is not expressible in simple form. It was convenient to transform it to one involving Ed (xl), which was then expanded for large x in a semiconvergent series (the first few terms of which disappeared by cancellation). In computation, the series is terminated when the (n+1)th term exceeds the nth; a residue of half the nth term is then applied. The error in X introduced by this procedure is <2% for x> 10, but increases to ~30% at x=5. Fortunately, this has a negligible influence on the resulting QB* since the entire second term in the braces of Eq. (14b) Application of the condition of Eq. (7) to Eqs. (lOa) and (lOb), respectively, yields the dependence (albeit implicitly) of {3L upon D. Figure 3 shows a comparison of (3[,(D.) for the two potentials. Table II presents For the L-J (n, 6) potential one finds
Substitution shows that for the cases of practical
~1, the present treatment should be valid. This condition is equivalent to requiring that v> Vrnin, where (17) For the exp-6(a) potential the analysis is more complicated but approximately the same lower limit of velocity obtains. However, for this potential a complication ensues from the well-known "spurious" maximum in V(r) at small r, which gives rise to a divergence in f3L (D.) at the origin, so that at extremely high velocities the treatment gives unphysical results. However, this is not of serious practical concern.
Note added in proof:
The accuracy of the present results for Q* is, of course, limited by the accuracy of the MM random-phase approximation. Work is in progress to explore the validity of this assumption and the possibility of a small (velocity-independent) bias in the resulting MM cross sections.
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APPENDIX I. SMALL-ANGLE DEFLECTION FUNCTION
Amdur and co-workers 8 have measured the velocity dependence of the low-resolution total cross section S(8 1 ) for elastic scattering of high-energy molecular beams. Here 8 1 is a constant, i.e., the limiting effective angular aperture of the apparatus (calculated from the geometry) in the center-of-mass coordinate system. Assuming a repulsive potential V(r) = Arn , one evalu- ates the small-angle classical deflection function 8(b) and thus the cross section S(81) =7rb e1 2 , where b is the impact parameter. The slope of a plot of logS (8 1 ) vs logE (where E=t.uV2) is -2/n; the intercept, which is a function of 81, yields A.
For an exponential repulsion the analysis is more complicated due to the fact that the small-angle deflection function has not yet been expressed in simple terms. Amdur and Pearlman 8a developed an implicit, asymptotic series formulation from which the potential constants may be calculated from the energy dependence of S(81); this method was further exploited by Mason and Vanderslice.
9 In this Appendix we derive a compact formula for the small-angle deflection function for a simple exponential potential and for the exp-6(a) potential [Eq. (1b)J, making use of the semiclassical equivalence principle. 1c For the exponential potential V(r) = Ae cr , the Jeffreys phase is T/J=-(AI/2E)K1(cb), where lro../kb and K 1 (x) is the first-order modified Bessel function of the second kind.1O From the relation 8= 2dn/dl we obtain
where x=cb. From the properties of the Bessel function this yields, without approximation, the desired formula for the small-angle deflection function Repeating and extending the above procedure for the exp-6(a) potential, using Eq. (lOb), we obtain the following result for the small-angle deflection function [valid in the limit of large a/3, analogous to Eq. (21) 
where Q*=Q/1TU 2 and D=2fU/hv. For the exp-6 potential, the spurious high-velocity behavior mentioned earlier gives rise to an unphysical solution. However, for a simple exponential V = Ae-cr , the limiting high-velocity dependence of the cross section may be evaluated, approximately, using the procedures already outlined. One obtains the result:
where b L is defined by the implicit equation 
+[(21T)!/CJ In (Ql/ E). (31)
Thus a plot of Q! vs In (Qt/ E) would be linear with a slope of (21T)!/C. The analogy with the result of Appendix I is evident.
